We analyze the difference between the correlation energy as defined within the conventional quantum chemistry framework and its namesake in density-functional theory. Both quantities are rigorously defined concepts; one finds that E QC c ≥ E
In practice, of course, neither the quantum chemical correlation energy (1) nor the DFT correlation energy (2) are known exactly. Nevertheless, both quantities are rigorously defined concepts.
The aim of the following section is to give a coherent overwiev of how the correlation energy is defined in the DFT literature [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and how this quantity is related to the conventional QC correlation energy. It will turn out that E QC c,exact and E DF T c,exact are generally not identical and that E QC c,exact ≥ E DF T c,exact . Furthermore we will give an analytical argument indicating that the difference between the two exact quantities is very small.
In the last section we compare the numerical values of approximate conventional QC correlation energies with approximate DFT correlation energies resulting from some popular DFT correlation energy functionals. It turns out that the difference between DFT correlation energies and QC correlation energies is smallest for the correlation energy functional of Colle and Salvetti [14, 15] further indicating [16] that the results obtained with this functional are closest to the exact ones.
Basic Formalism
We are concerned with Coulomb systems described by the Hamiltonian
where (atomic units are used throughout)
i =j
To keep the following derivation as simple as possible, we choose to work with the traditional Hohenberg-Kohn [17] formulation rather than the constrained-search representation [3, 18, 19] . If v 0 (r) is a given external potential characterizing a particular physical system, the Hohenberg-Kohn total-energy functional is defined as
As an immediate consequence of the Rayleigh-Ritz principle, the total-energy functional (7) is minimized by the exact ground-state density ρ exact corresponding to the potential v 0 , the minimum value being the exact ground-state energy, i. e.
In the context of the Kohn-Sham (KS) scheme [20] the total-energy functional is usually written as
where T s [ρ] is the kinetic-energy functional of non-interacting particles. By virtue of the Hohenberg-Kohn theorem, applied to non-interacting systems, the density ρ uniquely determines the single-particle potential v s [ρ] and the ground-state Slater-determinant
and hence T s [ρ] is given by
We mention in passing that the Hohenberg-Kohn theorem can also be formulated for a "Hartree-Fock world" [21] , implying that the HF density uniquely determines the external potential. Consequently the HF ground-state determinant is a functional of the density as well:
The resulting kinetic-energy functional
is different from [ρ] has been found to be rather small [13] .
The remaining term, E xc [ρ], on the right hand side of equation (9) is termed the exchange-correlation (xc) energy. Comparison of equation (9) with equation (7) shows that the xc-energy functional is formally given by
In density-functional theory the exact exchange-energy functional is defined by
This is identical with the ordinary Fock functional
evaluated, however, with the KS Orbitals, i. e.
The DFT correlation-energy functional is then given by
Inserting the respective definitions (14) and (17) of E xc [ρ] and E
DF T x
[ρ] we find
In terms of the Hartree-Fock total-energy functional
and the total-energy functional (7) the DFT correlation energy (19) is readily expressed as E DF T c
By equation (2), the exact DFT correlation energy is then obtained by inserting the exact ground-state density ρ exact (corresponding to the external potential v 0 ) into the functional (21) . By virtue of equation (8) one obtains
The conventional quantum chemical correlation energy, on the other hand, is given by
where ϕ HF jσ [ρ HF ] are the usual selfconsistent HF orbitals corresponding to the external potential v 0 , i. e. ρ HF is that very HF density which uniquely corresponds to the external potential v 0 . Of course, ρ HF and ρ exact are generally not identical. Comparison of (22) with (23) shows that
This is the central equation relating the DFT correlation energy to the QC correlation energy. Since the HF orbitals ϕ HF jσ [ρ HF ] are the ones that minimize the HF total-energy functional (20) , the inequality
must be satisfied and it follows from equation (24) that
Equation (24) tells us that, as a matter of principle, selfconsistent DFT results for the correlation energy should not be compared directly with the conventional quantum chemical correlation energy but rather with the right-hand side of equation (24) . In practise, of course, quantum-chemical correlation energies and ground-state densities are known only approximately, e. g. , from configurationinteraction (CI) calculations. Hence,
is the quantity the selfconsistent DFT correlation energy should in principle be compared with. The second term of (27) is readily computed by employing one of the standard techniques [12, 22, 23, 24] of calculating the KS potential and its orbitals from a given CI density. In the following we shall argue, however, that the difference between E DF T c,exact and E QC c,exact can be expected to be very small. To see this we rewrite equation (24) as
where ρ x−only is the ground-state density of an exact exchange-only DFT calculation [25, 26] and ϕ KS jσ [ρ x−only ] are the corresponding KS orbitals. The first difference on the right-hand side of equation (28) is known to be small [25, 26] . The second difference, on the other hand, is easily seen to be of second order in (ρ x−only − ρ exact ) and is therefore expected to be very small as well:
The second equality follows from the fact that ρ x−only minimizes the density functional E [12] , as can be seen from Table 1 . There, the conventional quantum chemical correlation energies of these systems are compared with the "exact" DFT correlation energies calculated from equation (22) . For all elements and ions shown, the difference between the two quantities is small, as expected. The values for H − , He and Be +2 also confirm the relation (26) . For Ne To conclude this section, we mention that there exists yet another possibility of defining a density functional for the correlation energy [4] [5] [6] [7] [8] [9] [10] [11] 13 ]:
where ϕ HF jσ [ρ] are the HF orbitals corresponding to the density ρ (see equation (12)). If the exact density ρ exact is inserted in (29) ϕ HF jσ [ρ exact ] are the HF orbitals corresponding to some unknown external potentialṽ 0 whose HF density is ρ exact . The decompositionṽ 0 (r) =: v 0 (r) +ṽ c (r) (30) makes clear that on the single-particle level the definition (29) leads to a hybrid scheme featuring the ordinary non-local HF exchange potential combined with the local correlation potentialṽ c (r). In the present paper, this hybrid scheme will not be further investigated.
Correlation Energies from Various DFT Approximations
For further analysis, we compare in Tables 2, 3 and 4 the DFT correlation energies resulting from various approximations to E
DF T c
[ρ]. LYP denotes the correlationenergy functional by Lee, Yang and Parr [27] , PW91 the generalized gradient approximation by Perdew and Wang [28] , and LDA the conventional local density approximation with the parametrisation of E c by Vosko, Wilk and Nusair [29] . The first column, denoted by OEP, shows the results of a recently developed scheme which employs an optimized effective potential (OEP) including correlation effects [16] . In this scheme the full integral equation of the optimized effective potential method [30, 31] ,
is solved semi-analytically by an approved method due to Krieger, Li and Iafrate [32, 33, 34] :
where the constants V OEP xciσ −ū xciσ are the solutions of the set of linear equations
with
Here,ū xcjσ denotes the average value of u xcjσ (r) taken over the density of the jσ orbital, i. e.ū
and similarly forV S xcjσ . Like in the conventional Kohn-Sham method, the xcpotential resulting from equation (33) leads to a single-particle Schrödinger equation with a local effective potential
(j = 1, . . . , N σ σ =↑, ↓).
The selfconsistent solutions ϕ jσ (r) of equation (38) with lowest single-particle energies ε jσ minimize the total-energy functional
In the above equation, E CS c denotes the Colle-Salvetti functional [14, 15] for the correlation-energy given by
where
η(r) = 1 + dρ(r)
The constants a, b, c and d are given by
In Table 2 , the four approximate DFT correlation energy functionals are evaluated at the exact densities [12] of H − , He, Be +2 , Ne +8 and compared with the exact DFT correlation energies given by equation (22) . On average, the OEP values are superior.
In Table 3 selfconsistent DFT correlation energies are compared with QC values taken from [35] . In these selfconsistent calculations the approximate correlationenergy functionals E , respectively. In the OEP case, the DFT exchange-energy functional (17) is of course treated exactly. The numerical data show three main features.
1. For most atoms, the absolute value of E QC c is smaller than the absolute correlation energy obtained with any DFT method, as it should be according to the relation (26). Table 2 : Non-relativistic absolute correlation energies resulting from various approximate DFT correlation energy functionals, evaluated at the exact groundstate densities of the respective atoms. |∆| denotes the mean absolute deviation from the exact DFT correlation energy. All numbers in Hartree units. Currently it is not known with certainty which effect gives the largest contribution. However, with the arguments given in the last section, we expect the contribution of (c) to be small. Assuming that the quoted values of E Table 4 shows correlation energies of atoms K through Xe obtained with the various selfconsistent DFT approaches. In almost all cases, the absolute OEP values for E c are smallest and the ones from PW91 are largest, while the LYP values lie in between. In most cases, E OEP c and E LY P c agree within less than 1 % while |E P W 91 c | is larger (by up to 10 %) as the atomic number Z increases. We emphasize that reliable values for E QC c do not exist for these atoms.
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